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Propagation in a heterogeneous human head model
A dipole type source is localized near the right ear of the head:

Jz(x, t) = z0δ(x − xd)f(t)

-0.100.1 Y

-0.1

-0.05

0

0.05

0.1

Z

-0.1 -0.05 0 0.05 0.1

X

Y X

Z

-0.1-0.0500.050.1

Y

-0.1

-0.05

0

0.05

0.1

Z

-0.100.1

X

XY

Z

EMOD
0.12
0.115
0.11
0.105
0.1
0.095
0.09
0.085
0.08
0.075
0.07
0.065
0.06
0.055
0.05
0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

-0.100.1 Y

-0.1

-0.05

0

0.05

0.1

Z

-0.1 -0.05 0 0.05 0.1

X

Y X

Z

EMOD
0.12
0.115
0.11
0.105
0.1
0.095
0.09
0.085
0.08
0.075
0.07
0.065
0.06
0.055
0.05
0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

Tissue ǫr σ ρ

Brain 43.55 1.15 1050.0
CSF 67.20 2.92 1000.0
Skull 15.56 0.43 1200.0

Skin (wet) 43.85 1.23 1100.0

Method CPU time
DGTD-P1 6 h
DGTD-P2 30 h
DGTD-P3 87 h
DGTD-P(2,1) 12 h

Propagation of a standing wave in a PEC cubic cavity

• Ω=[0, 1]3

• ǫ=µ=1

• freq=256 MHz

• T=35 m=117 ns
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DGTD-Pp DGTD-P0 DGTD-P1 DGTD-P2 DGTD-P3

L2 error 7.2E-01 2.0E-01 1.4E-02 8.0E-04
CPU time 4 min 40 min 213 min 859 min

# DOF 4406 17624 44060 88120

DGTD-P(p1,p2) DGTD-P(2,0) DGTD-P(2,1) DGTD-P(3,1) DGTD-P(3,2)

L2 error 3.6E-02 1.3E-02 1.0E-03 8.8E-04
CPU time 35 min 106 min 260 min 499 min

# DOF 31154 35456 65176 73780

Resonance in a PEC square cavity

• Ω=[0, 1]2

• ǫ=µ=1

• freq=212 MHz

DGTD-Pp METHOD LF2 SCHEME LF4 SCHEME

p # DOF Error CPU Error CPU
2 4692 1.8E-03 11 min 5.5E-04 8 min
3 7820 3.1E-04 39 min 2.4E-05 28 min
4 11730 1.9E-04 98 min 1.5E-05 70 min
5 16422 1.5E-04 220 min 1.3E-05 155 min
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LF2 scheme
DGTD−P0, slope=1.06
DGTD−P1, slope=1.19
DGTD−P2, slope=2.18
DGTD−P3, slope=2.37
DGTD−P4, slope=2.29
DGTD−P5, slope=2.25
DGTD−P6, slope=2.26
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LF4 scheme
DGTD−P0, slope=1.06
DGTD−P1, slope=1.14
DGTD−P2, slope=2.23
DGTD−P3, slope=3.03
DGTD−P4, slope=4.30
DGTD−P5, slope=4.50
DGTD−P6, slope=4.50

h-convergence of the LFN based DGTD-Pp method
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LF2 scheme h=1/2

h=1/3
h=1/4
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LF4 scheme h=1/2

h=1/3
h=1/4

p-convergence of the LFN based DGTD-Pp method
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LF4 scheme

Global L2 error of ∇ · ~H as a function of time and p
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LF2 scheme

DG−P1,   {0.89}
DG−P2,   {2.10}
DG−P3,   {2.94}
DG−P4,   {4.07}
DG−P5,   {3.49}
DG−P6,   {3.45}
h=1/4
h=1/8
h=1/16
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LF4 scheme

DG−P1,   {0.97}
DG−P2,   {2.05}
DG−P3,   {3.00}
DG−P4,   {4.09}
DG−P5,   {4.58}
DG−P6,   {5.66}
h=1/4
h=1/8
h=1/16

h- & p-convergence of the divergence error using the LFN based DGTD-Pp method

III - Numerical experiments

Scattering by a dielectric cylinder
•µ1=µ2=1

• ǫ1=1, ǫ2=2.25

• r0=0.6 m, freq = 300 MHz

•Ω = {r ≤ 1.5 m}
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DGTD-Pp METHOD : CONFORMING MESH

11920 TRIANGLES & 6001 NODES

method DGTD-P0 DGTD-P1 DGTD-P2 DGTD-P3

L2 error, CPU (min) 13.6%, 20 7.15%, 178 5.20%, 542 5.22%, 1817
# DOF 11920 35760 71520 119200

DGTD-P(p1,p2) METHOD : NON-CONFORMING MESH

5950 TRIANGLES & 3151 NODES (300 HANGING NODES)
method DGTD-P(1,0) DGTD-P(2,0) DGTD-P(2,1) DGTD-P(3,2)

L2 error, CPU (min) 11.6%, 9 5.36%, 25 5.39%, 33 5.37%, 179
# DOF 11450 19700 26100 46700

Scattering by multilayered dielectric cylinders
The cylinder is illuminated by a monochromatic plane wave of the form:

Einc
z = exp(−i(k6x − ωt)) & H inc

y = − exp(−i(k6x − ωt))

ki = ω
√

ǫiµi & freq = 300 MHz
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Region Region 1 Region 2 Region 3 Region 4 Region 5 Region 6
ǫr ǫ1 = 1 ǫ2 = 4 ǫ3 = 9 ǫ4 = 16 ǫ5 = 64 ǫ0 = 1

Radii (m) R1 = 0.1 R2 = 0.2 R3 = 0.3 R4 = 0.4 R5 = 0.5 R0 = 1.0

Conforming mesh Non-conforming mesh
14401 nodes & 28560 triangles 14441 nodes (920 hanging nodes) & 27640 triangles
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DGTD-Pp METHOD - CONFORMING MESH

pi = p Error on Hy Error on Ez CPU time # DOF
1 7.6 % 7.80 % 137 min 85680
2 2.2 % 1.30 % 286 min 171360
3 2.2 % 1.20 % 842 min 285600

DGTD-Ppi
METHOD - NON-CONFORMING MESH

p1, p2, p3, p4, p5, p6 Error on Hy Error on Ez CPU time # DOF
4,3,2,1,0,2 5.0 % 1.7 % 12 min 49720
4,3,2,2,1,4 3.5 % 2.6 % 17 min 109640
4,2,2,4,1,4 3.2 % 2.6 % 21 min 154440
2,2,2,2,2,4 2.5 % 1.6 % 20 min 169440

II - Stability & convergence analysis

Stability
The EM energy: En = 1

2(
t
E

n
M

ǫ
E

n + t
H

n−1
2M

µ
H

n+1
2)

•The energy En is stable if:

∆t ≤ 2

dN

, with dN = ‖M
−µ
2 t

SNM
−ǫ
2 ‖

•CFL(LFN) = νN CFL(LF2)

N 2 4 6 8 10 12 14 16 18 20
νN 1 2.85 3.68 3.79 5.27 4.44 6.42 7.53 7.27 8.91

Convergence
✘ Exact solution : ~U(t) = (~E(t), ~H(t)) ∈ [Hs(τi)]

2

✘ Numer. solution : ~Uh(t) = (~Eh(t), ~Hh(t)) ∈ [Vp(Ωh)]
2

‖~U − ~Uh‖0,Ω ≤ C
hν

ps

(

1 + T
p

3
2

h

)

max
t∈[0,T ]

‖~U(t)‖s,Ω

Convergence of the divergence error

‖∇ · (~U − ~Uh)‖0,Ω ≤ C
hν−1

ps−1

(

1 + T
p

5
2

h

)

max
t∈[0,T ]

‖~U(t)‖s,Ω

• ν = min{s, p + 1}
•C(ǫ, µ) independent of h and p

I - Discontinuous Galerkin method

The physical problem
The Maxwell equations in Ω ∈ R

3:






¯̄ǫ∂t
~E = curl ~H,

¯̄µ∂t
~H = −curl ~E,

and







∇ · ~E = 0,

∇ · ~H = 0,

• ¯̄ǫ(~x) and ¯̄µ(~x) are symmetric positive definite

•Boundary conditions : ∂Ω = Γa ∪ Γm







~n × ~E = 0 on Γm

~n × ~E = −cµ~n × (~n × ~H) on Γa

Non-conforming simplicial meshes

i

k

n
ik

τ

τ

•Vi = set of indices of elements neighboring τi

• aik = τi ∩ τk (the interface)

• pi is the polynomial degree defined inside τi

• p = {pi : τi ∈ Ωh}
•hi is the size of τi and h = maxTi∈Th

hi

•Vp(Ωh) := {~v ∈ L2(Ω)3 : ~v|τi
∈ Ppi

(τi), ∀τi ∈ Ωh}

Space discretization

• ∀ ~ϕ ∈ Span{ ~ϕij, 1 ≤ j ≤ di}


















∫

τi

~ϕ. ¯̄ǫi∂t
~E =

∫

τi

curl ~ϕ.~H −
∫

∂τi

~ϕ.(~H × n)
∫

τi

~ϕ. ¯̄µi∂t
~H = −

∫

τi

curl ~ϕ.~E +
∫

∂τi

~ϕ.(~E × n)

•Centered numerical fluxes

~E|aik
=

~Ei + ~Ek

2
, ~H|aik

=
~Hi + ~Hk

2

•Local matrix form of the DGTD-Ppi
scheme :



















M ǫ
i ∂tEi = KiHi −

∑

k∈Vi

SikHk

M
µ
i ∂tHi = −KiEi +

∑

k∈Vi

SikEk

– M ǫ
i & M

µ
i are the mass matrices of size di

– Ki is the stiffness matrix of size di

– Sik is the interface matrix of size di × dk

(Sik)jl =
1

2

∫

aik

~ϕij.(~ϕkl × ~nik)

∗For only non-conforming interface aik ⇒
Sik is evaluated using cubature formulas

✘ 2D : Gauss-Legendre quadrature

✘ 3D : Dunavant cubature formula

Time discretization
High-order leap-frog (LFN) time scheme

•General form of the DGTD-Ppi
method :























M
ǫE

n+1 − E
n

∆t
= SNH

n+1
2

M
µH

n+3
2 − H

n+1
2

∆t
= − t

SNE
n+1

where the d × d matrix SN verifies:

SN =











S if N = 2

S(I − ∆t2

24
M

−µ t
SM

−ǫ
S) if N = 4

– E and H are of size d =
∑

i di

– M
ǫ and M

µ are block diagonal mass matrices
of size d with diagonal blocks equal to M ǫ

i

and M
µ
i respectively
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